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Incremental Diffraction Coefficients for the Truncated Half-Plane
and the Calicuiation of the Bistatic Radar Cross Section of the Disk

1. INTRODUCTION

Exact expressions for incremental diffraction coefficients (IDC's), also called equivalent edge
currents, have been derived for the perfectly conducting wedge by integrating the wedge currents over
an increment of the wcdgcl-2 and more recently, for any planar current surface or combination of
planar current surfaces by direct substitution of the two-dimensional (2-D) far flelds of each planar
surface into convenient general expressions.345 Incremental diffraction coefficients obtained for the
total current, the physical optics current, or the nonuniform current, that is, the difference between
the total and physical optics currents, are referred to as the GTD (geometrical theory of diffraction), PO

(Received for Publication 14 November 1989)

1. Mitzner, K.M. (1974} Incremental Length Diffraction Coefficients, Tech. Rep. No. AFAL-TR-73-
296, (available from National Technical Information Service, Springfield, VA 22161,
AD918861).

2 Michaeli, A. (1984) Equivalent edge currents for arbitrary aspects of observation, IEEE Trans.
Antennas Propagat. AP-32:252-258, {correction, (1985) AP-33:227).

3. Shore, RA. and Yaghjian, A.D. (1988) Incremental diffraction coefficients for planar surfaces,
IEEE Trans. Antennas Propagat. 36:55-70, {correction, {1989) AP-37:1342), also, Incremental
Diffraction Coeffictents for Planar Surfaczs, Part I: Theory, RADC-TR-87-35, ADA208595.

4. Shore, RA. and Yaghjian, A.D. (1987j incremental Diffraction Coefficlents for Planar Surfaces,
Part II: Calculation of Nonuniform Current Correction to PO Reflector Antenna Palterns,
RADC-TR-87-213, ADA208596.

5. Shore, R.A. and Yaghjian. A.D (1988} Incremental Diffraction Coefficients jor Planar Surjaces,
Part III: Pattern Effects of Narrow Cracks in the Surface of a Paraboloid Antenna, RADC-TR-
88-119, ADA207796. ,




(physical optics) and PTD (physical theory of diffraction} incremental diffraction coeflicients,
respectively.3 For the perfectly conducting wedge, Mitzner! concentrated on the PTD incremental
diffraction coeificients, Michaeli derived the GTD coefficients initially? and later the PTD
coefficients®, and Knott? determined the PO incremental diffraction coefficients from the difference
between the GTD and PTD coefficients.

Assume incremental diffraction coefficients have been determineu for a canonical 2-D scatterer
of finite cross section. The integration of these f{inite inciemental diffraction coefficients (muitiplied
by the incident fie'd) along the bo.unding curves of three-dimensional (3-D) scatterers produces a
uniform high-frequency solution eveni at . .1 near caustics where conventionial stationary-pihase
high-frequency techniques fail. As an example, Shore and Yaghjian obtained uniforn: IDC's for the
narrow (electrically small) sirlp and slit and used them to calculate the cffect of cracks between the
pancls of reflector antennas on ths antennas’ co-pularized and cross-polarized far fields 3.5

For canonical problems of infinite cress scction, likke the wedge, the incremental diffracticn
coefficients contain the same Giscontinuities and singularities as the far-field of the canonical 2-D
problems Specifically, the GTD incremental difiraction coefficients of the wedge contain the
discontinuities in the diffracted H-wave flelds at the face angles of the wedge, the singularities in the
E- and H-wave far ficlds at a face angle of the wedge when an incident plane wave grazes that face from
the outside, and the singularities in the total diffracted far fields at the shadow and reflection
boundaries Iniegrating the PO current separately and using PTD incremental diffraction coefficients,
instead of GTD incremental coefficients, eliminates the singularit.es at the shadow and reflection
boundaries, but retains the face-angle discontinuities and singularities.6

Figure 1 shows the specularly scattcred flelds of a perfectly conducting infinitely thin disk
computed by numerically integrating the PTD inciemental diffraction ccefficients for the infinite
half-plane arcund the rim of the disk, and adding the result to the PO fields. The comparison in
Figure 1 of the PO plus ID fields with the PO fields alone, and with the exact scattered fields obtained
from the eigeniunction solution to the disk, shows thLat the in*egrated PTD jncremental coefficients of
the hall-plane become divergent at grazing. (interestingly, for specular scattering from the disk, the
PO and integrated PTD-IDC far fields are identical for the two incidental plane-wave polarizations.)
‘Thus, Figure 1 illustrates the limitations of infinite half-planc IDC's and motivates this report's
primary objective: to determine accurate high-frequency incremental diffraction coefficients for the
leading and trafling edges of the truncated half-plane in order to elinunaie the singularities and
discontinuities In the difiraction coefficients of the infinite half-plane. Of course, the 2D truncated
half-plane, thal is the strip, has an exact eigenfuncdon sclution that could be used to find the 3-D
incremental cocfficients by substituting the exact solution into the general expressions of Reference 3.
However, the summation of eigenfunctions takes a considerable amount of computer time for

6. Michaeli, A, (1986) Elimination of Infinities in equivalent edge currents, Part I fringe current
componcnls, JEEER Trans. Anlennas Propagat, AP-34:912-918,

7. Knoti, E.F. [1985) The relationship between Mitzner's ILDC and Michaeli's equiivalent currents,
IEEE Truans. Antennas Propagat. AP-33:112-114.
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electrically large strips and the available computer codes encountered numerical difficulties
evaluating the required Mathieu functions when the strips became wider than about 5 wavelengths.
Morecover, the exact strip solution yields the incremental diffraction coefficients for rectangular
incremental strips only, rather than for general trapezoidal strips that are able to conform {o the rim
of an arbitrarily shaped polygonal plate or disk. Thus, we found it desirable to determine an accurate,
uniform high-frequency solution to the perfectly conducting truncated half-plane with the leading
and trailing edges treated separately (though not necessarily independently) so that IDC's for
trapezoidal strips could be found.

Previous IDC work has also involved high-frequency solutions to the strip.8:%:10 Coleman et al8
combined the use of rectangular incremental strips that do not conform to the rim of the general 3-D
plates to which they are applied, with an early, relatively inaccurate, high-frequency 2-D strip
solution of Uflimtsev.!1 Sikta et al® also used nonconformal rectangular incremental strips and
obtained scatlering in the planc of incidence only. MichaelilO used conformal tncremental strips, but
evaluated the current integrals of the incremental strips asymptotically so that singularities at
grazing Incidence arise. None of these previous strip solutions included diffraction of the nonuniform
leading edge currents at the trailing edge of the strip. An essential feature of the high-frequency
solution derived in this report is that the diffraction at the trailing edge of the H-wave nonuniform
leading edge current, which becomes appreciable near grazing incidence, is taken into account even
when the leading and trailing edges of the incremental strip are not parallel.

The analysis begins by finding convenient expressions for two-dimensional fields radiated by
the truncated leading and trailing edge currents of a half-plane illuminated by a TM or TE plane wave.
These 2-D leading and trailing edge diffracted fields are then used to compute the high-frequency
bistatic radar cross section of an infinite strip. This high-frequency solution is then compared with
the exact eigenfunction solution for the strip.

Next, the 2-D diffracted fields of the truncated half-plane are inserted into the general
expressions of Reference 3 to obtain the PTD incremental diffraction coefficients for the leading and
trailing edges of the truncated half-plane. Finally, these PTD incremental diffraction coefficients are
applied to finding the approximate far fields scattered by a circular disk illuminated with a TM or TE

plane wave. These approximate high-frequency scattered fields are compared with the exact far fields
computed from the eigenfunction solution to the disk.

8. Coleman, J.R. (1973) Investigation of Radar Scattering by Stmulated Atrcraft Duct/Engine
Combinations, Air Force Avionics Laboratory, AFAL-TR-73-361.

9 Sikta, F.A., Burnside, W.D., Chu, T.T., and Peters, L., Jr. (1983) First-order equivalent current

and corner diffraction scattering from flat plate stuctures, IEEE Trans. Antennas Propagat.
AP-31:584-589.

10. Michaeli, A. (1987) Equivalent currents for second-order diffraction by the edges of perfectly
conducting polygonal surfaces, IEEE Trans. Antennas Propngal. AP-35:183-190,

11. Ufimtsev, P. Ya. (1958) Secondary diffraction of electromagnetic waves at a strip, Journal of
Technical Physics 28 (No. 3).




2. THE FAR FIELDS RADIATED BY THE TRUNCATED CURRENTS OF A
HALF-PLANE ILLUMINATED BY A PLANE WAVE

The general expressions in Reference 3 yleld the 3-D incremental diffraction coefficients of a
planar, perfectly conducting 2-D canonical scatterer through direct substitution of the 2-D far fields of
this canonical scatterer. Thus we begin the derivation of IDC's for the truncated half-plane by
deriving the far flelds radiated by the currents on a truncated half-plane, or more precisely the far
fields of the truncated currents of an infinite half-plane under plane-wave illumination. Figure 2
shows the truncated half-planc lying between x = 0 and x = s and stretching from - to « in the
¢<-direction. The spherical angles (¢,0) of the observation direction T, and the spherical angles (¢,,0,) of
the propagation direction K of the incident plane wave are also shown in Figure 2.

OBSERVATION OBSERVATION
Y4 DIRECTION z} DIRECTION

INCIDENT
PLANE WAVE

x EDGE OF —>
INCIDENT HALF-PLANE
PLANE WAVE

¢o S
L } > X
HALF-PLANE TRUNCATED

AT X =8

Figure 2. Geomelry of the Truncated Half-Plane lllumitia.-* by a Plane Wave

The far fields radiated by a current K on the truncated half-plane are given by the integral®

_ olkfo « Foin/d A > _ k' st 6n cos
Il(r) rzw (87Ckp sin 90)1/2 ikro XOJ K(X.)e_ X sin 0o coso dX' (la)
E(F) ~ ~Zgfo x A(F), T ->e0, (1b)

where the unit vector 'r\o in Eq. (1) is defined as the unit vector % evaluated at ¢ and 0 = & - 6, that is,
'r\u = ﬁsin 0o - 2 cos 8o. The exp(-iwt) time dependence has been suppressed and Z; is the plane-wave
impedance of free space. For a normally incident plane wave (6, = 90°), Eq. (1) reduces to




i{kp + n/4) >

H(p) p2* Erkp)Z 1kp X I Ri(x')e tkx cos ¢ gyt (2a)
0

E(p) ~ -Zopx Ap). p ~>e0. (2b)

The far-field expressions in Eq. (2) for normal incidence are especially important because once they
are found, the far fields for an obliquely incident TM plane wave are determined immediately by
substituting k sin 8, for k and multiplying by exp(-ikz cos 6p). The Hy (or Ey) far-field for an obliquely
incident TE plane wave is also determined by this simple substitution and multiplication. However,
the H, (or Ey) far field, which occurs only at oblique incidence in the TE case, must be obtained by an
alternative procedure; for example, by integrating the current in Eq. (1).3

2.1 The TM (Parallel Polarized) Fields: Normal Incidence

The total current on a perfectly electrically conducting infinite half-plane illuminated by a
normally incident (85 = 90°) TM plane wave, given by

E = QE‘ exp [ikp cos (¢ ~ ¢g)] . 3
may be found from Eq. (8.14) of Bowman, Senior and Uslenghil2;

= _ A A2 9o in/a
K=zK—zZ E, sin 52e'™/

9

1/2 0
. [( 2 )/ e]kx - 21,\1'2" e-lkx cos g F(2k COSQ%QX)] (4)

nkx
where F is the Fresnel integral defined by
X
P(x) = < g 6
X .
r W

Substitute the tota! current K from Eq. (4) into the integral of Eq. (2), and make use of the following
integrai of the Fresnel integral derived in Appendix A,

(6)

X
_[F(u)e“‘“ du= 11a[ fax p(x) - (Fola + 1]x) ]
0 -

la + 1]1/2

12. Bowman, J.J., Senior, T.B.A., and Uslenghi, P.L.E. (1969) Electromagnetic and Acoustic
Scaltering by Simple Shapes, Amsterdam: North-Holland.




where FO(t) denotes F(t) when t > 0 and the complex conjugate of F(t) when t < 0, to obtain the T™ far
ftelds of the total current for normal incidence

¢o
e’kp sin &

2, (nkp)l/2 cos ¢ + cos ¢

[\/—(1 cos ¢)
\/ll - cos |

E™(p) P>

Fo(ks|1 - cos ¢1)

-2

|
cos 929_ | e—l ks(cos ¢ + cos ¢) F(2ks cos? 922) , (7a)

0<¢.0p<2m,
HY() ~ P x E™p) . p->c0. (7b)

(We retain the absolute value signs in | 1 -cos ¢| because when the IDC's are found by substitution of
Eq. (7) into the general expression of Reference 3, cos ¢ Is replaced by a variable that may become
greater than one; see Section 3.)

Eqs. (7) give the far fields of the total current emanating from either a leading or trailing edge of
the truncated half-plane. To obtain the TM far flelds of the truncated nonuniform current, simply
subtract the TM, PO far fields,

99 %o
E’l’Oﬂ‘M)(-) . /A\E \f{ i(kp + n/4) Sin 5 |C0S 5" [1 ) elks(cos¢o+ cos 0)] (8a)
PIF < t (nkp)1/2 cos 6o + cos ¢

ﬁ!’()(rM)(:é‘ . /!.\) % EPO(TM)/ZO , p=>o (8h)

L T

from Eq. (7) to get

%0
= nulTM); =y o etkp Sin 5~ J2(1 - cos )
E 7)oz 2By (nkp)1/2 cos ¢ + cos ¢ VT - cos 6] Fo(ksl1 - cos ¢1)

- I cos %0 I [Ze"ks(”s %o +cos ¢) F(zks cos? %Q)

+ 2 el™/4 (1 - g tkslcosdo+ 0080))]} , (9a)

0<¢, ¢o< 2r ,

ﬁ x|uﬂM)(5) . /p\ % E‘ nu(vl'M)(a)/Zo , p->oo . (gb)
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Depending on whether the incident plane wave makes an angle ¢, greater than or Icss than
90" (or less than or greater than 270°), Eq. (9) gives the far flelds of the nonuniform half-plane current
of the leading or trailing edge, respectively, truncated at the tratling or leading edge, respectively. Of
course, in reality, there will exist multiple interactions between the leading and trailing edges
dominated by the nonuniform current from the leading edge diffracting at the trailing edge. However,
for the TM incident fields the nonuniform current decays as the inverse of the square root of the
distance from the edge, and thus Eq. (9) is a good approximation for the nonuniform far fields of the
trailing as well as the leading edges of electrically large strips (s 2 A).

2.2 The TM Fields: Oblique Incidence

As mentioned in Section 2, the far flelds radiated by the total, PO, and nonuniform currents can
be determined for an obliquely incident TM plane wave essentially by replacing k with k sin 0y In the
far fields for normal incidence and multiplying by exp(-lkz cos 6y). In particular, Egs. (7) generalize
for oblique incidence to

] %o
Co2V2 ei®/4  sing

mouTM)=y rsee  _fQn
E (r)r2* -63E; ik cos ¢ + COS ¢

Fo(ks sin 85l1 - cos ¢1)

.{\/5—(1 - COS ¢)
V11 - cos &

- |cos 92—0 [2e'“‘:s sin B¢ (cos 4o +cos 0], F(2ks sin 8, cos? %Q)
+\/'2—ein/4 (1 _ e-—lks sin 84 (cos ¢y + cos ¢) \-] l (10a)
/1)
O S ¢|¢0 < 2no
0<8p<m,
{7 nult™ £y ?Ox o) "““M’(F)/Zo, I~>00 (10b)

where ’ég is the unit vector  evaluated at 0 = r - 8o and

elk(p sin 6y - z ces 8) e“‘“ik
(8nkp sin 0,)1/2

CO = (1 1)
In Section 3, the 2-D TM fields [Egs. (10}] are substituted into Egs. (23) and (24) of Reference 3 to obtain
the 3 D intremental diffiaction coeflicients for TM piane wave incidence on the leading and trailing
edges of the truncated half-plane,




2.3 The TE (Perpendicular Polarized) Fields: Normal Incidence

The 2-D far flelds of a perfectly conducting truncated hali-plane for a normn:ally incident (65 = 80°)
TE plane wave, given by

1, = 2H, expl~1kp cos(d - )l 12

o

begins, as in the TM case, with the total current on the infinite half-plane:
7
R = KX =X H, sign(n - ¢)2V2 e~ /% g1k ©08 0ox FL2k cos? %Qx) (13)

which can be found from Eq. (8.31) of Bowman, Senior and Uslenght.}2 The sign (r - ¢,) function in
Eq. (13} is +1 or -1 for ¢ less than or greater than x, respectively. Substituting K from Eq. (13) into
Eq. (2), and making use of Eq. {6) to perform the Integration of the Fresnel integral, yields the TE far
fields of the total current for normal incidence

kP sin &

— A
H™p) P2 2H, signln - 00) 777 o gy ¢ o5 §

3 |cos 2
¢ e—lks(cos¢o+cosO)F(2kscosng - 2'—F°(ksil -COSQ!) (143)
\ 2 )7 T1 =cos 91172 '
0< ¢.¢0 < 2“-
ES™(p) ~ -Zo b x Hy™(F), p~>eo (14b)

(Again, we retain the absolute value signs in |1 - cos ¢! because when the IDC's are found by
substitution of Eq. {14) into thc general expressions of Reference 3, cos ¢ Is replaced by a variable that
may become greater than one; see Section 3 below.)

The TE far fields of the truncated ncauniform current are determined by subtracting the TE, PO
far fields,

_rofrz) _ A llkp+ in /4 sin ¢

H (p) P: - AHi Slgn(ﬂ - Qo) (2ﬂkp) 172 cos ¢o + CoS ¢ (15a)
,[1 __e-l ks{cos 65 + cos ¢):] ,

_. PO(TE) _ A = PO(TE) _

10 (p) ~-ZoPp x H (p), p->eo (15b)
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_ nu(TE)

tkp
A (p) P2~ %2H, sign(r - 0o) 2 Sin ¢

(rkp)1/2 cos ¢ + cos ¢

0 \]2 cos%o'
~1ks (cos ¢¢ + €05 §) 1. 2¥0y__ 1 - ‘
e F(2kscos 2) [T-cos o]7/2 Fo(ks|1 - cos ¢l) (162)
eln/4 [ 1ks (cos ¢g + cOs 6!
+ 1_ C- o '] ‘OS [} <27tv
V2 ?: %0

- hu(TE} _ A =N
E (p)--Zob x T

Ul

(1E) _
(p) . p~>eo. (16b)

Egs (16) present a good high frequency approximation to the flelds radiated by truncated TE
ronuniform current emanating from the leading edge for all angles of incidence. However, unlike the
analogous TM Eqgs. (9), Egs. (16) need t> be modified for the trailing edge, when the incident angle is
near grazing (¢, = 0°), to take into account the nonuniform current that emanates from the leading edge
and diffracts at the trailing edge. Fortunately, this modification required for the trailing edge under

TE illumination is accomplished through a simyle multiplicative factor that will be derived in
Scction 2.5.

2.4 The TE Fields: Oblique Incidence

As mentioned in Section 2, the Hy or E, far fields radiated by the nonuniform current can be
determined for an obliquely incident TE plane wave essentially by replacing k with k sin 6, in the far

fields for normal incidence and multiplying by exp(-ikz cos 85). In particular, Egs. (14) and {16)
generalize respectively for oblique incidence to

002\/-2_63" m/4 sin ¢

B (=) Al rse _ AT s -
Hgg (1) 872" - 0o Hy sign{n - ¢,) 1k cos ¢ + CoS ¢

e—iks sin 84(cos do+ cos ¢) F(ka sin 6, cos? 9&)

2
-2 cos%Q
T cos 9 72 Fo(ks sin 8511 - cos ¢1) |, (17a)
0<¢.00<2m,

0<0p<m,

EE (F) 6 '3 -2 Tox AE (F)OE, r->e, (17b)
and
11

oty =

iy
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2Cy sin ¢
itk cos ¢q + cos ¢

fi, (7) 33 r=>e 631-“ sign(z - &)
. \/?e-ln/ti e-i ks sin 84{cos ¢, + cos ¢} F(st sin 00 cos2 %g)

do
cos 5

Vo

T 1 - cos ¢ 1/2

Fo(ks sin 8,11 - cos ¢1) (18a)

_ [1 _c-lks sin 0g{cos $o + cos Q)]

0< ¢.¢0< 21'5'

) 0<8y<m,

B4 UE) § ~ 2o foxHy (F) 0F, r-se. (18b)

For the TE case, there may also exist H, and Eq far fields when the plane wave is obliquely
incident. These H, and E; far fields can be found by integrating the TE current that exists on the half-
plane for oblique incidence. In particular, the nonuniform far fields, Hénurrs) or Eg™™, can be found
for the truncated hall-plane by subtracting the PO far fields, HQPOUE) or Eemrr B), of the truncated half-
plane from the TE far fields, HS¢TE or Es(,"‘E. obtained by integrating the total current over the
truncated half-plane. Before we do these integrations to determine the H, or E, fields, however, let us
address an objection that may arise at this polnt in the analysis.

If the total TE current that we are integrating were the exact total current of the 2-D perfectly
conducting strip, then the basic theory of 2-D scattering from perfect conductors (see Chapter 1 of
Reference 12), tells us that these total currents, when integrated will not produce an H, and Eg
component in the far fields. Of couise, we are not integrating the total currents of the étrip. but the
truncated currents of the infinite half-plane. Thus, we canniot expect the H, or E, far fields to be zero.
Still, one could argue that when we eventually apply these far fields to both the leading and trailing
edges ol incremental sirips, the combined truncated currents from both the leading and trailing edges
should closely approximate the exact total currents of the strip; and thus, we should {gnore the H, and
E, components of TF far fields at all points in the analysis. This argument is valid provided the
leading and tratllng cdges of the Incerr mental strip are parallel. Only for these reclangular stiips is the
incremental strip part of an infinite 2-D sirip for which the above-mentioned theory in Chapter 1 of
Reference 12 holds. For trapezoidal Incremental strips, that Is, strips with nonparallel leading and
trailing edges, we must include, in general, the TE H, and E, far fields radiated by the truncated half-
plane currents for oblique incidence.

To obtain the total scatiered TE H, or E; far fields it suffices to obtain the z-component of the
total current on the half-plane since then Eqs. (9b) and (14b) of Reference 3 combined with Eq. (17a)
aircady derived for Hgq yield Hg,. Since K, on the surfaces of the half-plane is equal to H, within a
sign, we seck an cxpression for H, on the half-plane surfaces.

12




For the normaity incident TE plane wave given by £4. (11). Zq. (8.28) of Reference 12 gives the
total "I, everywhere in space. A general precedure for generating the solution for oblique incidence is
given in Reference 12. For H-polarization fct V be obtained from the normal incidence {two-
dsmenstona?, solution by substituiing X -> k sli1 85 and multiplying by exp(-ikz cos 0y). Then Eq. (1.6)
of Reference 12 adapled to the form of the obliquely incident plare wave

- A A A
Hipe = ~H (cos ¢ <08 65 % + sin ¢ cos 6y y ~ sin 64 z)

. exp[-ik (x cos ¢ Sin 8¢ + y sin ¢ sin O + z cos 0 ] (19)

gives the total magnetic field

— Lcoseo(g\_u aVv A

A
H=- ¢ oo o 5;-y)+ sin 6,Vz (20)

with, from Eq. (8.28) of Reference 12,

-tn/4

V= H, Tn_— el kz cos 0o {exp [-ik sin 65 p cos (¢ - ¢0):I y‘[-\fﬁzk sin 8, p—cos%(q) - ¢0)]

o

+ exp [-ik sin 84 p cos (¢ + ¢o)] 7[‘mos%(¢ * ¢°)]} .

and

o0

7 (o) = je“2 dt . (22)

[}

Sl g i

Then H, on the surfaces of the half-plane is given by

oLl ity et b

i cos B IV :
He=- K 5in 6, 0% 23)
with ;
e-in/4 ~-1kz cos 8, - ﬂg
V = 2H; ——\/:— e exp(-1k sin 6 cos ¢ox) 7|+ v2k sin Bpx cos 5 (24)
b4

where the - or + sign applics on the top and bottom half-plane faces respectively. The current on the
top and bottom faces of the half-plane is then given by

t -
K(;) = ¥ H,

ik sin 0%

- 2 €
=%C0s 9,CCS §p V+H,e"‘/4e thez cos 0o (m\m cos 6, COS%Q_;T/T . (25)
\I A% WAL VO}

The total current is obtained by adding the currents on the two faces:

13




K, = sign(n - ¢ o)H; 242 cos 0o e 1Kz s 09

in/4 I tk sin 0gx :

e b0l ¢ ] 4

+ ———————— !C0S &5 172 (26) E

Vrk sin 6, | 2 x o

with F(x) given by Eq. (5). Integrating K,'°t over the half-plane from 0 to s and making use of Eq. (6)
ylelds [sce Eq. (9b), Reference 3].
A()z = J-Kzto" (x) e-ikx sin 0y 008 ¢ dx :

0 3

,g

=sign(n - ¢o)H, <€ k sin 6y cos ¢4 + cos ¢ %

. [cos do g 1Ks sin Oo(cos ¢o+ 03 9) F(2ks sin 0 cos? %—Q) :

[ cos 32|
cos 5 cos ¢
+2 1T - cos 6] 172 F°(kssm00|1—cos¢|)]. (27)

From Eq. (14b) of Reference 3 we then obtain
I‘I(:? = - sin 05 (CoA o, + cot 8y cot ¢ Hyg) (28)
from which, with Eq. {17a),

s - — C
HIE (F) § 72= signin - golH, 2V2 e~n/4 =2 cog 0,

¢ ik
. g1 ks sin Golos o+ 0e 9) (21{ sin 84 cos? %—Q) . (29a) ;

05¢.¢0<21{.0500<7¥,

S = A A e =y 2
Zeg (1) 03 - —roxils¢ r) ¢ . r=->0, (29b)

&

The correspunding PO fields are readily obtained from the expressions for H,I'O for the faces of
the infinite wedge given on pp. 32-33 of the technical report version of Reference 3 by multiplying by :
the factor {1 - exp; ~iks sin 0q(cos ¢ + cos ¢) |t

PO(TE) _ 2C -
I N (r) $ rzoo - Slgﬂ(n - ¢0)I{§ iko cos 90[1 -e ks sin 00(({3 ¢G+(XB [} ] .
0<¢.99<2n,020p<m, (30a)

14




_ PO(TE) _
By (F) 0f~-ToxHy (F) 8 .r->m, (30D)

and hence, subtracting Eq. (30} {from Eq. (29),

nu(TE) _ 2C
He (F)6 T2 - sign(x - ¢gH, TR cos 6,

. {\1-2—0-1 n/4 =tks sin 0g(cs 6o+ s §) (2ks sin 0, cos? %Q) (31a)
+[1 _ etks sin0o(cs 9o+ s ¢ ]}
0<¢.p0¢2r,050,<m,
';"rm)(i')’63~ ~Fox Hr;u(l‘E)(F) § > (31b)

2.5 Modification of the TE Fields for the Trailing Edge

Consider the truncated half-plane in Figure 2 with a TE plane wave incident near ¢o = 180°. The
nonuniform current, defined as the difference between the total and PO currents, emanating from the
leading edge decays very slowly (unlike in the TM case) toward the trailing edge. This appreciable
nonuniform TE current impinging upon the trailing edge produces difiracted fields from the trailing
edge that modify the diffracted TE fields, Eq. (18), applied to the trailing edge. We can determine this
modification approximately by first deriving from Eqs. (20) and (21) that the total TE current for
oblique incidence on the half-plane is given, for all angles of incidence, by

K = -sign(n - 6502y x 0o H, e 'kxsin 80 @s 0o+ z s 00) [5r¢-in/4 F(ka sin 8, cos? %Q)

bo

cos 6 5
+ 0% Hleln/t} ﬂ 02 elk(x sin 8¢ - z cs 05)

<& _ (32a)
Vr Vkx sin 89
where /60 is the unit vector §at 8 = 0p. For 2kx sin 0y >> 1, the second term in Eq. (32a) is small
compared to the first term, and Eq. (32a} can be written approximately as
K = -sign(n - ¢0)2§ X 60 H, e~k x sin 0o c0s 9o+ 2 006 8)
.\ ein/4 F(2kx sin 0, cos? 4’2_0) . 2kx sin0g>> 1. (32b)

15




The TE H-feld corresponding to this current, Eq. (32b), impinging on the trailing edge (x = s) of the
truncated half-plane is

ﬁlmp - _’60 H, e-ihlx sin 0o s 6o+ 2z s 80) | o \[5 o-11/4 F(Zl(x sin 0, cos? %Q)’ (33)

2kx sin 0g>> 1.
Now, the obliquely incident TE plane-wave field alone along the half-plane is given by
ITI’ = -601'11 e—lk(x sin 0y cos $ o+ z cos 04) ) (34)

Comparing Eqgs. (33) and (34), we see that the impinging field, that is the effective incident field on the
trailing edge (x = s), is approximately the actual incident fleld multiplied by the factor

L
22 ¢t F(st sin 8% cos? %Q) (35)
where the superscripts L on ¢‘(, and ¢y in (35) emphastze that they are the 8, and ¢, angles defined with
respect to the leading edge — even though (35) is used as a factor multiplying Eqs. (18) and (31) when and
only when Egs. (18) and (31) are applied to the tratling edge. If the leading edge makes an angle y with
the incremental strip, so that s is given in terms of the lengih L of the incremental strip by

s=Lsiny, (36)

(35) becomes

. L
N2 i F(sz sin v sin 05 cos? %Q) (37)

If in addition y is taken as the direction of propagation in the half-plane of the PO current or,
equivalently, of the total and nonuniform current near grazing (¢‘5 = 180°) then sin y equals
-sin 05051 - sin? 65 sin2 ¢§ and (37) becomes

L
-2kL sin26} cos? 922 cos 0}

V2 et B
V1 - sin20} sin? ¢

(38)

In summary, then, for incremental strips chosen along the direction of propagation in the half-
plane of ihe PO current, the faclor (38) should multiply the fields in Eq. (18) when Eq. (18) is applied to
the trailing edge of the truncated half-plane.

Of course, a more accurate method of accounting for the diffraction at the trailing edge of the
nonuniform TE current emanating from the leading edge of an arbitrary scatterer, would be to first
determine the path of the diffracted ray from the leading edge to the trailing edge, and then calculate
the diflraction at the trailing edge of this leading-edge ray, We did not use this more accurate
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technique in the present report, not only because it would require an extra calculation, but because the
TE nonuntform current decays fairly rapidly away from the leading edge except near grazing where the
diffracted ray path nearly coincides with the direction of propagation of the PO current in the
corresponding half-plane [and thus (38) applies].

In gencral, Appendix C shows that whenever the significant nonuniform current of integration
for a given observation point extends a distance {rom the edge larger than a small fraction (say 1/4) of
the distance to the focal point of the diffracted rays, the incremental strips of nonuniform current will
not closely approximate the actual nonuniform current, and thus the ficlds computed from the
incremental diffraction coefficients at the given observation polnt may contain significant error.
(For example, see the discussion of Figures 22 - 25 in Section 4.4.) Near grazing, the focal length
approaches infinity and the incremental strips of nonuniform current accurately approximate the
actual nonuniform current across the whole distance from leading to trailing edges.

2.6 Calculations of the Two-Dimensional Bistatic Radar Cross Section of a Strip

In this section we show the results of calculations made of the two-dimensional bistatic cross
section of an infinitely long strip. The bistatic cross section, o(¢), per unit length, for normal
incidence (that is, the direction vector of the incident plane wave normal to the edges of the strip) of an
infinitely long strip is defined by Eq. (I.34) of Reference 12:

s 2

T (39)

0'(4)) = pl_l>m°° 27tp

where V.1 = E$.! if the electric field is parallel to the z-axis (TM) and VS:1 = H$! if the magnetic fleld
is parallel to the z-axis (TE), with the superscripts s,i denoting the scattered and {ncident field,
respectively. In our results we normalize ¢ by dividing by the wavelength A.

In Figures 3a and b we compare the TM and TE back scatter cross sections obtained using the
approximations of Sections 2.1, 2.3, and 2.5, with the corresponding bistatic cross sections obtained
using a computer program to calculate the exact two-dimensional fields scattered from an infinite
strip.!3 The width of the strip is s/A = 30/2x = 4.77. In these plots 0 is the angle between the direction
vector of the incident plane wave (or the observation direction) and the normal to the plane of the
strip. For calculating the contribution of the leading edge of the strip from Eq. (7a) or Eq. (14a),

6o =0 =n/2 + 0, while for calculating the contribution of the trafling edge from Eq. (7a) or Eq. (14a)
with Eq. (35), ¢y =06 =n/2 -0, 0 <0 < /2. The cross sections are, of course, symmetrical with respect to
0 = /2. The total field scattered from the strip is obtained by summing the contributions of the
leading and trailing edges. Note that the direction of z in Egs. (7a) and (14a) must be reversed for the
trailing edge from what it is for the leading edge of the strip. As can be seen from Figures 3a and 3b, the
exact back scatter cross sections ( ) are virtually indistinguishable from the approximate back
scatter cross sections (~---- ).

In Figures 4a and b we compare the approximate TM and TE specular (or, equivalently, forward)

13. Dominek, A.K. (1988) Personal Communication, Ohio State University ElectroScience
Laboratory.
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scatler cross sections with the corresponding exact cross sections. As with the back scatter plots, here
0 is the angle between the direction vector of the incident plane wave (or the observation direction) and
the normal to the plane of the strip, so that ¢,= n/2 + 8 and ¢ = n/2 - 6 for obtaining the contribution of
the leading edge of the strip, while ¢y = n/2 ~ 6 and ¢ = /2 + 0 for the trailing edge. Again, there is
hardly any difference between the exact and the approximate curves.

In Figures 5a and b, we compare the approximate TM and TE "side scatter”" cross sections with the
corresponding exacl cross sections. By "side scatter”, we mean that the observation direction and the
incidence direction are at right angles to each other. In these plots 0, is the angle between the direction
veclor of the incident plane wave and the normal to the plane of the strip, so that ¢5=n/2 + 6, and
¢ = b, fu1 calculating the contribution of the strip leading edge fr5iia Cy. (7a) or Eq. (14a), while
dp=m/2 - 6, and ¢ = © - 6, for calculating the contribution of the strip trailing edge from Eq. (7a) or
from Egs. (14a) and (35). There is again very close agreement between the exact and the approxirmate
side scatler cross section curves,

In Figures 6a, b, and ¢ we compare respectively the TE back scatter, specular (forward) scatter,
and side scatter cross section plots obtained without the use of the trailing edge correction factor
Eq (85). with the corresponding exact cross section plots. Comparing these figures with Figures 3b, 4b,
and 5b, respectively, we see that the trailing edge correction factor plays a significant role in
tmproving the accuracy of the approximation in the back scatter and side scatter cases.

1t is of considerable inlerest to see the limitations of the PO approximation for the strip bistatic
cross seclions. In Figures 7a and b, 8a and b, and 9a and b, we compare the TM and TE back scatter,
specular scatler, and side scatler cross section curves obtained with the PO approximation (----- ),
with the exact curves ( ). It is apparent that the PO approximation is, in general, of rather
limited value in giving an accurate picture of the scattering cross section patterns apart from the
portion of the patterns in the vicinity of specular scatter.

Figures 10a and b compare the E- and H-wave back scatter cross sections of the strip computed
from the high-frequency solution of Michaeli's 1984 Radio Science paper!4, with the exact E- and
H-wave cross sections. Agreement between the exact E-wave solution and Michaeli's E-wave solution
is excellent. However, Figure 10b shows a significant discrepancy between the H-wave solutions.
Comparison of Figure 10b with Figure 6a reveals that this discrepancy {s caused by the neglect in
Michaell's solution of the diffraction of the H-wave, leading-edge nonuniform current at the trailing
edge. That is, Michaeli's high-frequency solution does not include the trailing edge factor in Eq. (35),
and thus, shows poor agreement with the exact solution of the strip lluminated by an H-polarized
plane wave.

Ufimtsev's first order H-wave back scatter radar cross section from his 1969 paper!5 is compareu
Lo the exact solution in Figure 11. Except in the vicinity of the main lobe, this first order H-wave
solution which Is more accurate (according to Ufimtsev!5) than his solution in Reference 11 used by
Coleman et al8, shows poor agreement with the exact H-wave solution.

14 Michaell, A (1984} A closed form physical theory of diffraction solution fur clectromagnetic

scattering by strips and 90° dihedrals, Radio Science 19:609-616.

15. Ufimtsev, P. Ya. (1969) Asymptotic investigation of the problem of diffraction on a strip. Radio
Engineering and Eleclronic Physics 14:1014-1025.
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To show how the accuracy of the approximations derived in Sections 2.1 through 2.5 depends on
the strip width, in Figures 122 and b, 13a and b, and 14a and b, we show the TM and TE back scatter,
specular scatter, and side scatter cross section plots obtained for a strip of width s/A = 3/2r = 0.48,
Although the approximations are not quite as accurate as they are for the strip of width s/A = 30/2r,
nevertheless the approximate cross sections differ at most by only 1.5 dB from the exact cross
sections.

3. NONUNIFORM (PTD) INCREMENTAL DIFFRACTION COEFFICIENTS FOR THE
TRUNCATED HALF-PLANE

In this section we obtain the TM and TE nonuniform or PTD IDC's for the the leading and

trailing edges of a truncated half-plane. The TM nonuniform IDC for either the leadir.g or trailing
edge of a truncated half-plane is obtained by substituting E'},“mm in Eq. (24Db) of Reference 3 with

E"G“UM) given by the coefficient of 6f in Eq. (10a). Thus,

fkr,
——nu(TMl= ) 1.se _ et t m sin el 1
dE (F) "2 ~dzE dnr; 2 V2 sin 5~ goB o1 €OS b + COS O

Fo(ks sin 8,11 - cos al)

{-ln/4[‘/_(1 coéa)

|1~ cos a|1/2

-2 |cos .‘P_QL e~ ks sin 8g) (cos 6o + cos a) F(st sin 8¢ cos? %)L)]
- V2 |cos 9’:3_1' [1 g7tke sin Sor {uas gy; + ros al]} b 4o

where

sin 0; cos ¢; + cot y; (cos 8; + cos 6g;)
sin 901

cos Q= 41)

with y,; the angle between the axis of the incremental strip and the positive local z-axis. We have
inserted the subscript "I' in Eqs. (40) and (41) to indicate that the subscripted quantities are defined
with reference to a local coordinate system with origin at the incremental length dz;.

The TE nonuniform IDC for the leading edge of a truncated half-plane is obtained by substituting
H," ™ and H, nulTE) 1 Bq. (17) of Reference 3 followed by Eq. (18) of Reference 3, with H;™™® and
H, "“(m) given by Eq. (18a) and Eq. (31a) respectively. Thus,
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tkry
= nu(TE) - 2 2
IE @) Ti2>> -dz sign (n - do)ZoH,, anr,

sin 9y,

. {[ ( V2 -1/ [e“”‘s sin g, (08 41+ 03.0) P 2ks sin B, cos? %—'—)

do1

cos _2"‘

V2

T |1 - cos | 172

Fo{ks sin 0y |1 - cos al)]

+ [ 1 — e~tks sin 8y (cos ¢gr + cos 0) ] ) COS ¢; cos 6 + cos o cot O, sin

€S ¢g; + COS O “2)

- (\/_Z_e'“‘/"' ¢ ks sin 8oy (s 9ni + s o) g (st sin 0, cos? 9%—)

+[1 _ e-lks sin 8¢ ((ns¢ol+°°3“)])cot O sin 6; ]/él

sin ¢l

-— /4  o-1ks sin 8 (cos dop+ cos a) o dor
COS ) + COS & [\E € (e F|2ks sin 6 cos?

‘/5 |COS%O‘I' |

“TT-cosa|i7Z Fo(ks sin 6,11 - cos al))-i-[l -e’”‘ss‘“ea(‘”s%l+°°5“)]:|6l}

with cos a given by Eq. (41). The TE nonuniform IDC for the tratiiug cdge of 2 trunicaled nalf-plane is

obtained by multiplying the edge expression in Eq. (42) by the factor given in Eq. (35) or (37), as
explained previously in Section 2.5.

4. SCATTERING OF A PLANE WAVE BY A PERFECTLY CONDUCTING DISK

In this section we apply the IDC's derived in Section 3 to calculate the far fields scattered from a
perlectly electrically conducting disk of radius a. The geometry is shown in Figure 15. The primary
source is a plane wave whose direction of propagation lies in the xz-plane and makes an angle of 6,
with the z-axis. The observation direction is given in spherical polar coordinates (R, 6, ¢). Two
polarizations of the incident plane wave are considered:

1) perpendicular {TE) or

Epe=Ejetfi 'y, (43a)

ﬁmc = YOE‘e“‘l T (cos 0, :’E - sin 6 2 . (43b)

ol s g

i U anl s il Lo

T PR BT T PP A NS YL RO RTIY
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PLANE WAVE

Figure 15. Geometry of Disk lluminated by a Plane Wave
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and
2) parallel (TM) or

Epe = Ele“-‘l T (cos 0, X - sin 0, 2) , (44a)

e = -YoEe' M Ty, (44b)
with

K.~ -kT, = -k(sin 0, % + cos 0, 2) , (45)
and

F=x§+y§+2:’z\. (46)

The far field scattered from the disk is obtained by adding the integrals of the strip nonuriform IDC's
around the edge of the disk to the PO far field. The nonuniform high-frequency solution presented

here for scattering from the disk remains valid for all angles of incidence and scattering, and thus, is
distinguished from the previous high-frequency solutions that concentrated on back scattering.16.17

4.1 Physical Optics Field

The PO scattered field is derived in Reference 18 and we give only the results here. For
perpendicular polarization of the incident plane wave

— ikR J,(ka
EPO(P) = 1Eja Eﬁ-— —J(B B) cos 6;(cos 0 sin 60 + cos ¢$) {(47)

while for parallel polarization

_ kR
EPO(P) = {Ea gﬁ—— J,(lg___a_[il cos 0,(cos 0 cos ¢/é - sin ¢$) (48)

with

B = [sm2 0 sin2 ¢ + (sin 0, + sin 0 cos (b)?]l/z (49)

and J, the Bessel function of order one.

16 DeVore, R., Hodge, D.B., and Kouyoumjian, R.C. (1971) Backscaltering cross sections of circular
disks for arbitrary incidence, J. Applied Physics 42:3075-3083.

17  Marsland, D.P., Balanis, C.A,, and Brumicy, S.A. {1987) Iiigher order dillractions from a
circular disk, IEEE Trans. Antennas Propagat. AP-35:1436-1444.

18, ‘Irolt, K. (1988) The Disk: A Comparison of Electromagnetic Scattering Solutions and Its Use as
a Calibration Standard for Bistatic RCS Measurements, RADC-TR-88-16, ADA200327.
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4.2 Transformation of the Local Coordinates of the Strip IDC's to the Global
Coordinate System of the Disk

The correction Lo the PO electric far field of the disk Is obtained as indicated above by integraling
the nonuniform strip IDC's, Eqgs. (40) and (42), around the edge of the disk. Since all quantities in
Eqs. (40) and (42) are defined with respect to a local coordinate system with origin at the differential
element of the disk edge, it is first necessary to transform Eqs. (40) and (42) to the global coordinate
system of Figure 15. I{ is also necessary to define the local coordinate system. Since we are modelling
the edge locally by the truncated half-plane defined as in Figure 2, we want the local x-axis to be in the
plane of the disk, normal to the edge, and directed inward from the edge; the local y-axis to be the
normal to the disk at the edge directed toward the half-space from which the {lluminating plane wave
is incident; and the local z-axis to be tangent to the edge of the disk. Hence,

A A, WA A

X|=-p =-¢C0sd x~-sindy, {50a)

Vi=7%. (50D)
and

Q,=§,x§,=$'=cos¢'§-sin¢'§, (50¢)

where we use primes to denote the point of integration.

We now systematically express the locally defined quantities of Egs. (40) and (42) in the global
coordinate system. Starting with 6, the angle between the local unit z-vector, 8'. and the vector ?,
given by Eq. (45),

A A
cos()o[ =Tr;-z;

= - sin 0, sin ¢' (51a)
and
sin 0g; = + (1 - sin? §; sin2 ¢')1/2 (51b)

where the positive root must be taken since 0 < 9, <.
A
Next, since ¢ is the angle between ﬁ, and the projection of r on the x;y; -plane,

cos b = /r\, -J’E, /sin 64,
= -sin 6, cos ¢'/sin 0y (52a)
and
sin g = ?i -9, /sin 04,
= cos 0;/sin 0, (52b)
from which
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sin 0,cos ¢'\1/2
¢ - 5o \
cos gl = + 2 oL ) ’ (53)

where the positive root must be taken since for a plane wave incident from the upper half-space, z > 0, .
0< q’Ol s
A
Proceeding to 6, the angle between z; and the ray from the edge point to ihe far-field observation
point, N

AA A, A
cosfp=z;-r;=¢ -R

= -sin 0 sin(¢' - ¢) (54a) ‘

and
L 1/2
sin 0,=+[1 - sin? 0 sin“(¢ -q))] (54b)

where the positive root must be taken since 0 < 6; < . The cosine and sine of ¢; are given by

A A A A
cosdy=r; -X;/sin 0 =R -x{ /sin 6

= -sin 6 cos(¢' - ¢)/sin 6; (554)
and
sin ¢l = Il)l '§l /sin 91 = f{'ly\l /sin 9[
= cos 0/sin 0; . (55b)
The unit vector /61 is transformed to global coordinates by starting with
A A A A
0;=cos0;cosd; x;+cos0;sind,y;-sinf; z, ,

substituting global Cartesian component expressions for x L /3\’1 ,and Q, , and simplifying
trigonometrically, thereby obtaining

6, = (~cos 0; cos ¢, cos ¢' + sin 8; sin ¢')§
~ (cos 6; cos ¢; sin ¢' + sin 0, cos 0"y

+ cos 0 sin ¢; 2 , (56)

with cos 0;, sin 0;, cos ¢, , and sin ¢, , given by Egs. (54a), (54b), (65a), and (55b) respectively. A similar
procedure gives

A o N . y . e A A
G -sin$,cos¢ X+sing;sing y +cos¢;z. (57)

When the IDC's, Egs. (40) and (42), are iniegratied around the edge of the disk to obtain the
nonuniform current correction to the PO far field, it is the 6- and ¢- components of the electric far field
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that are required (the radial component, is of course, zero). Hence, it is desirable to have expressions
A A E
for the 8- and ¢- components of 8;and ¢,;. Letting E

o=8,-9, t=8,-¢. pn=06,-8. v=0,-9, (58)

we have ’
cg=acosfcosd +bcosOsing -csinb, (59a)
T=-asin¢ + bcos ¢, {59b) g
p=dcos0cos¢ +ecosOsing -fsing, (59¢)
v=-dsinug +ecosd, (591}

where a, b, and ¢ are the coefficients of ?( 9 and 7 , respectively, in Eq. (56) and d, e, and f are the

cocflicients of ?c S\r and 7 in Eq. (57). Substituting explicit expressions for a, b, and ¢, and d, e, and [ :
from Egs (56) and (57) in (59) followed by substitution of the expressions Eqs. (54) and (55) for cos 6; .
sin 0;, cos ¢;, and sin ¢, , yiclds after algebraic and trigonometric simplification :

cos 0 sin u

=1 -sm20sn2ul’/2" (60a) :

cos u

TE(I <~ sin2 0 sin2 u)1/2 ° (60Db)

cos u :

K= sm2 o smZ w172 * (60c)

_ cos 0 sin u (60d)

V=11 - sinZ 0 sin2 u)1/2

where
u=¢" - ¢ . {61)

Next, proceeding to efkri/r1 and replacing r; by r

elkr; _ elkr e eik(R- 1" ft) (62)
r, - r -~ R )

It is then simple to find that

T -ﬁ:asmecos(tb'—qa). (63)

The differential length dz'; is given by

dz', = add' (64)

Finally, the components of the illuminating field in the local z-direction, E;;; and Hy,, are given by
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Eiz = Eqg (65a)

I.Ii'/.l = I'Ilo' N (65b)
where, from Eqs. (43) and (44},

Ej = Ejcos ¢' etk (66a)

Hyy = -YoE;cos 6, sin ¢' etki-7' (66b)
for perpendicular polarization of the incidzui plane wave, and

Eiy' = -Ecos 6; sin ¢' etk r " (67a)

Hjy' = ~YoE cos ¢' elky 7" (67b)

for parallel polarization of the incident plane wave,

4.3 Choice of Incremental Strips

In Integrating the nonuniform current IDC's around the edge of the disk to obtain the correction
to the PO far field, a choice must be made of the orientation of the incremental strips, since the strips
can be chosen to cut across the disk in any direction. Thus, for example, the strips can be taken
straight across the disk parallel to the x-axis, the projection of the direction vector of the incident
plane wave on the disk, or they can be chosen to lie in the directions of the diffracted rays on the disk,
or they can be chosen to be diameters, normal to the edge at the points of integration. In general, if the
nonuniform current dies away rapidly from the edge, the choice of the orientation of the incremental
strips plays little role in determining the nonuniform current field. However, if the nonuniform
current does nol decrease rapidly away from the edge as it does not here, for parallel polarization close
to grazing incidence, the choice of the incremental strips can significantly affect the calculated
nonuniform current field.

In the calculations performed, two choices of incremental strips were made: 1) straight across
the disk parallel to the x-axis; and 2) in the directions of the diffracted rays on the disk. (The choice of
diameter incremental strips was ruled out because it would lead to serious overlapping, and hence
overweighting, of the nonuniform currents close to the center of the disk.) The choice of the
fncremental strip orientations enters into the calculations analytically through 1) the value of s, the
width of the strip, in the IDC's given by Eqgs. (40) and (42); and 2) cot y, in Eq. (41) where y, is the angle
between the axis of the incremental strip and the positive local z-axis. The derivation of these
quantities is given in Appendix B and we state the results here. For incremental strips taken straight
across the disk parallel to the x-axis

s=2acos? ¢, (68)

coly,=tan ¢', (69)

Ay A




while for strips taken along the diffracted rays on the disk
s = 2a(l - sin? 6;sin? ¢') , (70)

cot y; = ~cos B; /sin 04, . (71)

with cos 6y, and sin 8, given by Eq. (51). For both choices, the parameter L in the factors, (37) or (38),
used to multiply the TE trailing edge field, is taken as the value for strips straight across the disk; that
is,

o t

T alba o2
o= ot [CUS @

i (72)

because the use of (37) as a simple multiplicative [actor applied to the incident fleld assumes that the
direction of propagation of the field impinging upon the trailing edge is in the direction of the incident
field. Near grazing, where the multiplicative factor, (37), differs significantly from unity, all the
diffracted rays approach the direction straight across the disk and thus, the value of L in Eq. (72) is
valid for the diffracted ray directions as well as the direction across the disk. Away from grazing,
where the diffracted rays do not all lie in the direction across the disk, the multiplicative factor
approaches unity, and thus its effect becomes insignificant for large disks.

4.4 Calculations of the Bistatic Radar Cross Section of a Disk

In this section we show the results of calculations of the bistatic section of a perfectly conducting
disk. The bistatic cross section, ¢{0.4), is defined by Eq. (1.30) of Reference 12:

|Es|2

6(0,0) = MM 47R2 —
| E el 2

Re ok (73)
where E S is the scattered electric field at the observation point (R,8,¢). In our calculations we
normalize the bistatic cross section by dividing it by the square of the wavelength. We present plots of
the bistatic cross section for perpendicular and parallel polarization of the incident plane wave, and
for both co- and cross-polarized scattered fields defined according to Ludwig's third definition!9 as

E. = Egcos ¢ + E, sin ¢ , (74a)

E, =Egcos ¢ - E, sin ¢ . (74b)

Cross sections were calculated for the two cholices of incremental strip orientations discussed in the
previous section: strips taken straight across the disk parallel to the x-axis, the projection of the
direction vector of the incident plane wave on the disk; and strips taken in the direction of the
diffracted rays on the disk. The approximate cross sections obtained by adding the integrals of the
nonuniform current IDC's around the edge of the disk to the PO fields are compared with the exact

19. Ludwig, A.C. (1973) The definition of cross polarization, IEEE Trans. Antennas Propagat.
AP-21:116-119.
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cross sections obtained from an eigenfunction solution.20 A modification of a computer code
implementation29 of the eigenfunction solution, made by Dominek?! to allow for the use of larger ka
values, was used o calculate the exact cross sections.

In Figures 16a and b, we show the back scatter (6 = 0,, ¢ = ¢, = 0) cross section patterns for a disk of
size ka = 15 for perpendicular polarization of the incident plane wave, with the incremental strips
taken stralght across the disk and in the direction of the diffracted rays, respectively. Figures 17a and
b show the corresponding back scatter patterns for parallel polarization of the incident plane wave.
Both surip orientations yield similar satisfactory approximations over the entire range of 6.

In Figures 18a and b we show the specular scatter (8 = 6;, ¢ = n) cross sections for perpendicular
polarization of the incident plane wave, with the strips orlented parallel to the x-axi¢ and i the
Jitectivi of the diiffacicd 1ays, seopeilively, Figures 19a and b show the corresponding plots for
parallel incident plane wave polarization. Both choices of incremental strips yield excellent
approximations over the entire range of 6 that could be used as an accurate calibration standard for
bislatic RCS measurements.

The side scatler (observation direction normal to the incidence direction: 8 = n/2 - 6;, ¢ = n} cross
section patlerns for perpendicular polarization of the incident plane wave, with the incremental
strips parallel to the x-axis and in the directions of the diffracted rays, are shown in Figures 20a and b,
respeclively. The correspunding patterns for parallel incident plane wave polarization are shown in
Figures 21a and b. The patlerns obtained with the strips taken parallel to the x-axis give a slightly
beller approximation to the exact cross sections than do the patterns obtained with the strips in the
direction of the diffracted rays.

A significant feature seen in Figures 17, 19, and 21 is that the scattered fields of the high-
frequency solution approach zero like the exact scattered fields as the parallel polarized plane wave
approaches grazing incidence. This high accuracy near grazing for the parallel polarized plane wave
further confirms the validity of the trailing edge factor in (37).

In Figures 22 - 25 we show the cut through the cross section pattern in the plane defined by ¢ = 45°
and ¢ = 225°, for a plane wave incident on the disk at angle of 0, = 45°. In these plots we have let
By=90°-0for ¢ =45° 90°2620° and yv= 90° + 6 for ¢ = 225°, 0 £ 6 < 90°. We show both the co- and cross-
polarization patterns in this cut. (For the back, specular, and side scatter patlerns, the cross-polarized
field equals zero.) Figures 22a and b display the co-polarized pattern for perpendicular polarization of
the incident plane wave, with the incremental strips parallel to the x-axis, and in the diffracted ray
directions respectively. Figures 23a and b show the corresponding cross-polarized patterns. In
Figures 24a and b we show the co-polarized patterns for parallel polarization of the incident plane
wave, and in Figures 25a and b the corresponding cross-polarized patterns are shown.

We see {rom Figures 22 - 25 that again there is not a large difference in accuracy between the
high-frequency solution calculated from strips parallel to the x-axis and in the directions of the
diffracted rays. The larger discrepancy between the high-frequency solution and the exact solution for

20 Hodge, D.B. (1979) The Calculation of Far Ficld Scattering by a Circular

University ElectroScience Laboratory Report 710816-2.

21. Dominek, A.X. (1988) Personal Communication, Ohio State University ElectroScience
Laboratory.
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these 45° patterns are caused by sign.licant secondary diffraction between the leading and tratling
edges that is nol accurately accounted for away from grazing incident by the incremental strip
approximation for the current on this disk of fairly small redius a = 15/2n A = 2.4A. This discrepancy
diminishes for electrically larger disks. (See Appendix C.)

As with the strip, it is of interest {o see the limitaiions vi ¢ . PO approximation for the disk
bistatic cross sections. In Figures 26a and b, 27a and b, and 28a and b, we compare the PO (~-~-- ) and
exact (———) back scatter, specular scatter, and side scatter cross section patterns for perpendicular
and parallel polarization of the lluminating plane wave. Figures 29a and b compare the co-and
cross-polarized PO and exact patierns in the plane defined by ¢ = 45° and y = 225 for a perpendicular
polarized plane wave incident on the disk at an angle of §; = 45°. Figures 30a and b show the
corresponding patterns for parallel polari.ation of the incident plane wave. It is apparent from these
figures that the PO approximatlon does not, in general, give an accurate representation of the bistatic
cross section patterns, especially in the vicinity of pattern minima. This, of course, serves to
emphasize the importance of accounting for the nonuniform current field in calculating radar cross
sections of objects with edge discontinuites.

To sec how the accuracy of our approximation depends on the disk size, in Figures 31a and b, 32a
and b, and 33a and b, we show the perpendicular and parallel polarization back scatter, specular
scatter, and side scatter patterns for a disk of size ka = 1.5. For these patterns the incremental strips
have been taken parallel to the X-axis. Although there are differences of a few dB between the exact
and IDC solutions over much of the range of 0, the pattern shapes are surprisingly accurate for this
wmall disk of diameter less than one-half a wavelength.
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Appendix A: Derivation of an Integral
of the Fresnel Integral

‘In-this Appendix we obtain a cioved-form expression for the following integral of the Fresnel
integral:

X
| F(u)elatdu.,x >0, (A-1)
0

where F(u) is the Fresnel integral defined by

u

i
F(u) g e dt (A-2)

Var J At

To integrate (A-1), begin by Integrating by parts to obtain

x i 1
e(a+ Ju

1
Vor J o Wu

1
ia

X
,j Flu)e®Udu = — | e®*F(x) - dul . (A-3)
0

We now consider the following three cases: 1) a+1>0; #f) a+1<0;andiif) a+1=0.

) a+d>0

Fora+ 1>0lett=(a+ lJu. Then from Eq. (A-3)
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{(a +l)x

(a +1)1/2 «lz_n:f \r'

f F(u)e*¥du= —15 faxp(x) -

1
ia

[eiaxF(x) —'—71/—2 F((a + 1)x) ] (A-4)

(a +1

i) a+1<0

Lett=la+ 1lu. Then from Eq. (A-3)

(a +l)x
F fau = i_ fax f < .
Of (e du = ;- [ e®*F(x) - Ia+1|”"' \/'27{ Cat
= [el“xF(x) - 1 F*(la + 1lx) ] (A-5)
“la ja + 1]172 :
#i) a+1=0ora=-~1
From Eq. (A-3)
X- X
]‘—F(u)e—lu du - _, —ix F(x) ..1__ f L
J Vom ) T
=1 [e'ixF(x) - '\’% ‘/;] . (A-6)
Thus,
-
ﬁ-[e’a"F(x) _(?:!1)_‘75 Flla + 1)x) ] a+1>0
[ tau 1 1
JF,(u)e du= < i—a'[e’axF(x) -m F(la+1ln ], a+1<0 (A-7)
0
L i[e"xF(x)-'\/% \E] a+1=0




Appendix B: Derivation of Incremental
Strip Parameters

In-this Appendix we derive expressions for-the width, s, of the incremental strip in the IDC's
given-by-Egs. (40) and (42), and for cot y, in Eq. (41) where y, is the angle between the axis of.the
incremental strip and the positive local z-direction. Both quantities depend on the choice-of
orientation of the incremental strips. We consider two choices: 1}- incremental strips chosen parallel
to the x-axis (the projection-on the plane of the disk of the direction vector of the incident plane wave);
and 2) incremental strips chosen in the direction:of the diffracted rays on the disk.

Bl. Incremental Strips Parallel to the X-Axis

Referring to Figure Bla, we consider an incremental strip taken-parallel to the x-axis-at the point
on thé edge of the disk at ¢', -n < ¢' < . Since the local unit z-vector, %;, is equal to §', {(Eq. (50c)], ¢; is
the angle-between the chord parallel to the x-axis at ¢' and the tangent to the disk at ¢'. From
clementary geomeiric considerations

-
' 1 ' T
3¢ T3S < g,
3t . .
Y= ] T-q;,%sq; <7, (B1)
" —§—¢.—ns¢'<—%.
\
» s0 that
coty;=tan¢’. (B2)
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z
L
Y
’
9 > S
X
Figure Bla. Geometry of Disk with Figure Blb. Corresponding
Incremental Strips Parallel to the x-Axis Strip Geometry

Since the disk is modelled locally-by a strip whose edges-are parallel to the local z-axis (see Figure
B1b), the strip width s in the IDC's Eqgs. (40) and (42) is related to the chord length-L in Figure Bla by

s=Lsiny,. (B3):

Hence, with Eq. (B1)

s=Llcos ¢'| . (B4)
Eul

L=2a |cos ¢'l (B5):
so that

s=2acos?¢'. (B6)-

B2. Incremental Strips in the Direction of the Diffracted Rays

Let

?d = oX + By (B7)
with

a2+ p2=1 (B8).

' A

be the diffracted ray unit vector-on the disk at the point {x', v') = {a cos ¢', a sin-¢). The angle, ¢; that ry
A

makes with the local unit z-vector, ¢' is given by

Y=1n - 901 (BQ)
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where 6, is the angle between the local z-axis and the vector in the direction from which the
illuminating plane wave is incident. Then from Egs. (51a,b)

cos ) = - ¢os 0g; = sin 6; sin ¢', (B10a)

sin y; = sin 0y, = (1 - sin? @, sin? ¢')1/2, (B10b)
so that

cot yy = - cot Oy . (B11)

To determine the length of the chord, L, made by the diffracted ray on the disk we first need
expressions for the direction cosines o and f in Eq. (B7).
Since

?d-fﬁ' = COS ¥, (B12)
it follows from Eq. (B10a) that

-~osin¢'+Bcos¢’ =sin g sin ¢’ (B13)
or

B =tan ¢'(a + sin 9;) . (B14)

Substituting Eq. (B14) into (B8), solving the resulting quadratic equation for ¢, and substiiuting o in
Eq:-(B14) gives

o = -sin 6;sin2 ¢' % cos ¢'(1 - sin? §; sin? ¢")1/2, (B15a)

B = sin ¢'[sin 0, cos ' * (1 - sin? §; sin? ¢') 1/2] . (B15b)
Now let

x=acos¢' +oau, (B16a)

y=asin ¢+ Bu, (B16b)

be:the parametric representation-of points on the diffracted ray. Substituting for o and B from Eq.
{B15) in Eq. (B16), setting

x2+y2=a? (B17)
and letting L be the resulting solution for u, ylelds
L=-2a.%(1-sin2@,;sin2¢')1/2 (B18)

where the % corresponds to that in Eq. (B15). It follows that thé minus sign must be chosen in-
Eq.(B15) and

L=2a(l-sIn20;sin2¢")i/2 (B19)
Henee, using Egs. {B3) and {B10b),

s=2a(l-sin?6;sin%¢"). (B20)
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Appendix C: Conditions for Incrementai Current

Strips to Accurately Predict Fields
Diffracted from the Trailing Edge

In Section 2.5 we modified the TE flelds incident upon the trailing edge of a truncated half-plane
to-account for the nonuniform TE current that emanates from the leading edge and diffracts at the
trailing edge. (The nonuniform TM-currents decay rapidly away from-the leading edge for all angles of
incidence, and thus, produce negligible-diffracted fields at the trailing edge of a truncated half-plane-a
few or more wavelengths ac.o0ss.) In.applying the TE modification derived in Section 2.5-to the disk,
we-assume that the incremental nonuniform current strips mati.tain a constant width-across the
disk. Although this assumption is valid for the infinitely long straight edges of a truncated half-
plane, il may not yield an accurate representation of the actual nonuniform currents beyond a certain-
distance from the leading edge of a finite dimensional-flat plate such as the disk. The purpose of this
Appendix is to establish the distance from the leading-edge of a flat plate that the nonuniform current
predicted by incremental half-plane-current strips remains a good approximation to the actual
current.

When the incident plane-wave is grazing, the magnitude of the nonuniform TE current remains
constant across the-flat plate and the nonuniform incremental-strip current agrees exactly with the
actual current. For an incident plane-wave far from grazing, the actual TE nonuniform current,

K, cruar €Manating from the leading edge of the plate can be evaluated-approximately by. a stationary
phase evaluation of the diffraction integral. This evaluation leads to-the usual geometric fuctor in ‘he
edge-diffracted raysCl; specifically

Cl. Kouyoumjian, R.G. (1975) The-geometrical theory of diffraction and its application, Chapter 6 in-
Vol. 3 of Topics in Applied Physics (Numerical-and Asymplotic Techniques in
-Electromagnelics), R. Mittra, Ed:, New York: Springer Verlag.
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K’l‘c‘f&{ A a(_(_l__q-_*:.__cU olkd (03))]
where d is the distance from the leading edge (diffraction point) along the diffracted ray to the
observation point in the plate, and q is the focal length along this diffracted ray measured from the
leading edge. The focal length is determined by the curvature of the leading edge at the diffraction
point and the direction of incidence of the lluminating plane wave. The constant A is a complex
amplitude proportional to the amplitude of the incident plane wave. The derivation of Eq. (C1)
assumes that the distance d from the leading edge to the observation point is greater than about a
wavelength, and that the incident plane-wave is sufficiently far from grazing for the nonuniform TE
current.-lo decay as 1/Vd for < d << q.

The nonuniform TE current, K“;:fg‘:). predicted by incremental half-plane current strips
of constant width, taken along the directions of the diffracted rays through the trailing edge points, is
glven approximately by

KnUTE) _ A 4 /?:11' elkd (C2)

for d 2 A and the incident plane-wave far from grazing, The 1/ \d factor can be derived by subtracting
the PC current from the total current in Eq. (32a) and then letting 2k sin-6; cos? (¢o/2) be much-larger
than-unity.

Comparing Eq. (C2) with Eq. (C1), we see that-the nonuniform TE current predicted by the
incremental half-plane strips-of current is a reasonable approximation to the actual TE current when
ld/ql > 174; that is, when the distance from the leading edge along the diffracted ray is less than about
one-quarter of the focal length. Thus, secondary diffraction at the trailing edge of the nonuntform
current:emanating from the leading edge will be accurately determined:by the half-plane incremental
current=strips when the distance along the diffracted ray is less than about one-quarter of the-focal
length. -Of course, for a plane wave incident along-a direction far from grazing, the secondary
diffraction of {he nonuniform current will become negligible with increasing plate size. Moreover, as
mentioned above, near grazing incidence the incremental nonuniform current closely approximates
the actual current across the-plate, and secondary dfffraction is accurately predicted. Interestingly,
near grazing incidence the focal length of the diffracted rays approaches-infinity. Hence, although the
expressions for current in-Egs. (C1) and (C2) are not:valid close to grazing, they correctly predict
equality-at grazing incidence between the actual and incremental half-plane strip nonuniform
current.
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